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Abstract

We study nonautonomous semilinear evolution inclusions in Banach spaces.
Existence of limit solutions is proved. Variant of Filippov—Pliss lemma and relaxation
theorem are also obtained.
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1 Introduction
In this paper we study a class of parabolic semilinear differential inclusions, having the
form

{y EA)Yy +F(t,x),t el =[t,T] (1.1)

y(to) = Yo

We refer the reader to the books [7, 9] for the general theory of such kind of systems.

Evolution inclusion(1.1) is studied in the literature under some compactness or dissipative
type assumptions.

Assume that the evolution operator K(-,-) is compact. In this case one has to use some
conditions of the image of F(:,-) has weak compactness of the values or the Banach space Y is
assumed to be reflexive. We refer the reader to [2, 11]. f such conditions are not assumed then it
is impossible practically to prove existence of mild solution. Notice also [10, 18], where measure
of noncompactness is used.
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In this paper we assume that A(:) generates a compact operator K(:,-), however, the
values of F(:,-) are only closed bounded. We define a new type of a solutions (limit solutions)
which have similar properties of the mild solutions. The advantage here is that the limit solution
set is nonempty and compact.

The dissipative type of assumptions are used commonly when A(:) generates an
equicontinuous operator and F(:,-) is (locally) Lipschitz or more general locally Perron. In this case
the solution set is nonempty but not closed even F(-,-) has closed convex and bounded values.
Its closure is the set of the limit solutions defined and studied here.

In the last section of this paper we use one sided Perron (OSP) assumptions and prove also
the existence of limit solution in case F(:-) almost continuous but A(:) generate only
equicontinuous operator K(-,-). If the operator is also compact that evidently there exist integral
solutions when F(+,-) admits convex values. We do not assume that F has convex values and
prove that the set of mild solutions is dense in the set of limit solutions (a form of Relaxation
theorem).

Let Y ba Banach space with dual Y* and let A € Y be nonempty, closed and bounded. The
function

o(l,A) = sup(l,a),

a€cA

where | € Y™ is called support function (of A).
Let A, B c Y the Hausdorff distance between A and B is defined by
Dy (A, B) = max{Ex(A,B),Ex(B,A)}

where Ex(A,B) = supinfd(a, b).
beBaEA

Definition 1.1 The multifunction F:1 X YZY is said to be lower semicontinuous (LSC) if
forany (t,y) €I XY, any v € F(t,y) and any sequence (t,, y,)n With t,, = t and y,, = y there
exists a sequence (vy,), with (v,) € F(t,, y,) such that v, — v. Further F(:,) is continuous if it
is continuous w.r.t the Hausdorff metric.

F(:,) is called upper hemicontinuous if the support function o(l,F(-,-)) is upper
semicontinuous as real valued function.
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The multifunction F:I X YZY is said to be almost lower semicontinuous (almost
continuous, etc) if for any € > 0 there exists a compact set I, € I with meas(/\/;) < & such that
F(:,") is lower smicontinuous (continuous, etc) on I, X Y.

Definition 1.2 Let E be a closed subset of Y, w be a real number and A = { (t,5):0 <
s < t}. A family of mappings

K={K(t,s):E—->E ;0<t<s}
is said to be an evolution operator of type w if the following properties are satisfied:
()K(t,t) =Iforallx € Eandt > 0;
(iDK(t,s)K(s,r) =K(t,r)forallx EEand0 <r<s<t;
(iiif) For each x € E, the mapping (t,s) = K(t,s)x is continuous from A into Y;

(V) | K(t,s)x —K(t,s)y ISl x —y Il e forallx,y € Eand 0 < s < t.

For every evolution system, we can consider the respective evolution operator K: A —
L(Y), where L(Y) is the space of all bounded linear operators in Y. Since the evolution operator
K is strongly continuous on the compact set A, by the uniform boundedness theorem there exist
a constant D = Dp > 0 such that

I K(t,s) ||L(y)S D, (t,s) €A.

Recall that the evolution operator is said to be compact when K(t, s) is a compact operator for
allt —s > 0i.e. K(t,s) maps bounded sets into relatively compact sets.

Definition 1.3 Let x,y € Y, where Y is a real Banach space with norm ||-|I. The right
directional derivative of the norm of x in the direction vy is defined as

T llx+hyll—=lxI
[x,y]+ = lim =———.

It is well known that

M) [[xy]s =[x z]4l <ly —z |l

(i) [,-]+ is upper semicontinuous as a real valued function.
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2 Limit Solutions

In this section we define the limit solutions of (1.1) introduced in [4] and study their main
properties.

Let Y be a Banach space and I = [t,, T] € R. We consider (1.1), i.e.

{5’ EA()y + F(t,y(t)), te€l
y(to) = Yo-

Here {A(8)}teft,,r) is @ family of densely defined linear operators which generates a strongly

continuous evolution operator K: A - L(Y),and F: I x YAY is a multivalued map with nonempty
closed values.

Definition 2.1 The continuous function z(-) is said to be a (mild) solution of (1.1) if
2(8) = K(t,t)yo + J,, K(t,9)f(s)ds,
where f,(-) is a measurable selection of F(-,z(+)), i.e. f,(t) € F(t, z(t)).
We will call f,(-) a pseudo derivative of z(+).
We will use the following assumptions:

Al. {A(t)}iet,r is the family of densely defined linear operators which generates a

strongly continuous evolution operator K: A = L(Y).
A2. The operator K (t, s) is compact forall t > s.

F1. F(-,) satisfies a growth condition, i.e. there exist a constant (Lebesgue integrable) C
such that|F(t,y)| < C(1 + |y]).

F2. F(-,y) is measurable.

Definition 2.2 The continuous function y:1 — Y is called e-solution of (1.1) if itis a
solution on I of the problem
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{y EA()y + F(t,y + €B), (2.1)

y(to) =Yo, tEIL

Lemma 2.3 Under A1, F1, F2 there exist two constants M and N such that |y(t)| < M
and |F(t,y(t) + B)| < N — 1 for every solution y(-) of

y(t) EA(t)y +co F(t,y(t) + B) + B. (2.2)

Lemma 2.4 Under A1, F1, F2 for every € > 0 there exist e-solution of (1.1). If A2 also
hold then the set of all e-solutions is C(I,Y) precompact.

Proof. Let f,(t) € F(t,y,) be measurable selection. We define
t
y(0) = K&, to)yo + [, K(t,8)fo(s)ds, t € [to,T].
We have that

() = Yol < [K(t,t0)yo = yol + Me¥ = OC(L+ [yo)(t — to) (2.3)

for any t € [t,, T]. Hence, for every € > 0 there exist t; > t, such that |y(t) — y,| < € for any
t € [to, t1], ie.

F(t,y0) = F(t,y(t) + €B).

Suppose that the required e-solution y(-) exists on [ty, T) with 7 < T. Due to Lemma 2.3
ltizmy(t) = y, exist. We study (2.1) on [z, T] replacing t, by T and y, by y;. Dealing as before we
T

can show that there exist 7; > 7, such that

y() = K@Dy, + thK(t, $)fy(s)ds, fy(t) € F(t,y(t))

is e-solution on [t, T1]. Using trivial modification of Zorn’s Lemma one can show that y(+) exists
on [ty, T]. Let y(t) = y,. Replacing y, by y; and t, by T in (2.3) we derive

[y () = y2l S KDY = yel + Me"EIC + |y )(t — 1)),
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Therefore there exists e-solution. Let A2 hold. Since K (t, s) is strongly continuous and compact,
one has that it is equicontinuous. If {y™(-)}s=; is a sequence of &-solutions, then it is
equicontinuous. Furthermore K(t,s)(NB) is precompact and hence Arzela-Ascoli theorem
applies. Consequently {y,,(*)}n=1 is precompact and hence the set of e-solutions is precompact,
i.e. its closure is C(I,Y) compact set.

Remark 2.5 Notice that the conclusion of Lemma 2.4 holds also for € = 1. Furthermore
F(t,x) + B also satisfies the conditions of Lemma 2.3. Therefore the solution set of (2.2) is
precompact.

Definition 2.6 The continuous function y:1 — Y is called a limit solution of (1.1) if there
exist a sequence of positive numbers (&,), = 0 and &,-solution y™(-) such that lim,_,,y"(t) =
y(t) uniformly on I.

Theorem 2.7 The limit solution set of (1.1) is nonempty and compact.

Proof. Let {y,,(-)}n=1 be a sequence of &,-solutions with &, 1 0. Clearly every &,-solutions
is also &;-solution (g; > &,). From Lemma 2.4 we know that the set of &;-solutions is precompact
and hence there exist a uniformly converging subsequence {y,, },-; with limit y(-). This function
y(+) is alimit solution. The set of limit solutions is a subset of the closure of &;-solutions and hence
it is a closed subset of a compact set i.e. it is itself compact.

Recall that f(t,-) is said to be locally Lipschitz if for every y € Y there exist a neighborhood
U of yand U C Y such that f restricted to I X U is Lipschitz.

Proposition 2.8 Let f(,-) be Caratheodary with f (t,-) locally Lipschitz. If f (:,*) satisfies
H; and A4, then the evolution equation

{5/ =A@y + f(ty (D), (2.4)

y(ty) =n, tel

has a unique solution y(:,7n7), which is defined on I and depends continuously on the initial
condition.

Along with (1.1) we consider the system
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{y €AY + W(t,y), (2.5)

y(tO) = Yo,

Where W(t,y) = Ngsg €O F(t,y + €B).
Definition 2.9 Let Y be a complete metric space.

(i) A set A C Y is said to be contractible if there exists a continuous function H: [0,1] X
A— Aandy € Asuchthat H(0,y) = yand H(1,y) = y on A.

(i) The set A c Y is said to be compact R if there exist a decreasing sequence of compact
contractible sets A4,, such that A = N;—; A,.

Theorem 2.10 Under the assumptions A1, F1, F2 the limit solution set of (2.5) is
nonempty Rgs.

Proof. The proof will be given by locally Lipschitz approximations of W. Let us denote LS
the set of limit solutions of (2.5). Let r;, = 3% and (V,)yexnr be a locally finite refinement of the

open covering Y = Uyey (¥ +1,B). Let (¥)venr be a locally Lipschitz partition of unity
subordinate to (I},),exr and take y, such that I, c y, + r;,B. Consider the approximations

Wo(t,y) = Zver Y ()G (D),
where C, (t) = W(t,y, + 21,,B). Then we have that
W(t,y) C Wysr(t,y) € Wa(t,y) € W(t,y +3r,B) on I XY (2.6)

Denote by S,, the mild solution of

{y' € A()y + Wu(t,y),

y(to) = Yo, (2.7)
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By (2.6) we have S,,,1 € S,,. Moreover, the solution set S,, is compact for every n with r;; < é We

shall prove that S, is contractible. Let £, be a measurable selection of F(:,y,) for every v € M.
We define

f(&¥) = Zver Yo (L) on I xY.

Since fora.e.t €1, f, € F(t,y,) © C,(t), we have that f(t,y) € W,(t,y) fora.e.t Eland y €
Y. Since (,)v € M is locally finite we have f(:,y) is measurable and f(t,) is locally Lipschitz.
Due to Proposition 2.8 the equation

( EAQY + YO celsT) 03

y(s) =p,

has a unique solution J(+, s, p) which depend continuously on p. Take T € [0,1] and denote
b, = (T — t,) + t,. We define the homotopy H:[0,1] X S,, = S, as

(D), t € [to, by
H@”@—Gmmm@» t € b, T)

Let u(-),v(-) € S, and let
z=At)z+ f(t,z(t)), z(s)=u(s)

y=A4@)y + fty®), y@ =u(.

Suppose T > s. Then

2(7) = K(1,9)u(s) + [, K@ 1) f (1, 2(w)) dp.

Thus

z(t) = K(t, 1)z(7) + thK(t' mf (w z(u))du.

Consequently

y(®) = 2(t) = KD (@) — 2(0) + [ K& (0 y @) — £ (w z(w)]dp,

Y(®) = 2(0)] < [KE D@ — 2] + [ K(EmIEyw) — 2(0)|dp.
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Assume that |u(t) —v(t)| <e. Fix § >0 and |t —s| so small that |u(zr) —u(s)| <é and
|K(t,s)u(§) — K(r,t)| < b forany |§| < Mand ND(t —s) < 6.

Consequently

12(1) —v(@D)] < [v(7) = v()] + [2(7) — 2z(5)]

< 8+ K (@ )u()x (@ u)| + | [ K@ wf (yw)du

<6+6+D.M(t—s) < 36.
Let |lu(s) —v(s)| < € Vs € [ty T], then

ly(@) = z(@)| = [u(s) —v(s)] + [y(r) —uls)| + |2(z) — z(s)|

< e+ 46.

Consequently

y(®) = 2(0)] < KD ly(@) = 2()] + [ 1K $)IUS)y(s) = 2(s)|ds,

ly(t) —z(t)| <D(e+46)+D f:l(s)ly(s) —z(s)|ds.

Thus |u(t) — z(t)| < r(t), where r(t) =D(e+46)+ D f:l(s)r(s)ds. Gronwall’s inequality
then applies and hence H(-,") is continuous map from [0,1] X S, = S,,. Furthermore H(0,v) = ¥

and H(1,v) = v. So, we find a decreasing sequence of compact contractible sets (S,,),, < C(I,Y).
By Definition 2.9, we have to only show that

LS = Ny=y g

Notice that LS c S,, for any n € N. Let y € LS and fix n. Then, there exist a decreasing (&;,)m {
0 and (¥m)m a sequence of &,,-solution for (2.5) such that y,,, — y. Let m,, be suchthat e, <7,.

For any m = m,, we have

W(t, ym(t) + emB) € W(E, yin(8) + 1 B) © Wa(t, ym (1)),
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because, if Y, (¥, (t)) > 0, then y,,(t) € V;,, C y, + 1;,B. Hence, y,, € S,,, foranym > m,,. Now,
lets € Np=q 5 SOSs € 5 for any n. Then for any n there exist a sequence (z;'),;, € S, such that
zp, = s(t) uniformly when m — oo. By (2.6) zj;, is a solution of

yeEA)y + W(t,y +3r,B).y € A(t)y + W(t,y + 31, B).

Thus z, is €, = 3r,-solution for y € A(t)y + W(t,y). Let s, = z;1. Then s,, is &,-solution of y €
A(t) + W(t,y) and s,(t) — s(t) uniformly on [ as n — oo, i.e. , s is a limit solution for y €
Ay +W(t,y).

Proposition 2.11 Let A1, F1, F2 hold true. If F(-,-) is (jointly) L @ B (Lebesgue, Borel)
measurable then for any € > 0 and every § > 0 the solution set of

y€A(t)y+co F(ty+eB),
{ y(to) = Yo (2:9)

is contained in the closure of the (¢ + §)-solution set of (1.1).

Proof. Let y(-) be a solution of (2.9) with pseudo derivative f, (). That is
t
y(©) = K(t, to)yo + [, K(t,5)fy(s)ds.
Furthermore, forany ty < 7 <t < T one has that

y(®) =K@ 1)y(r) + f:K(t, $)fy(s)ds.

Since F(:,") is measurable and y(-) is continuous one has thatt = F(t, y(t) + €B) is measurable.

[[K(t,s)to F(s,y(s) + eB)ds = [} K(¢,5)F(s,y(s) + eB)ds.
Fix v > 0. The solution set of (2.9) is equicontinuous, i.e. there exists a uniform subdivision

to <ty <eo..<tg<...<tp<tpy1 =T

10
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such that |y(t) — y(7)| <E Vt,s € [ty tes1], kK=0,1,23..... n. Clearly for any [ty, tx41]
there exist a measurable selection f,(t) € F(t,y(t) + €B) such that

| [ K (b, 9)1fy (5) = fe(s)lds| < =] S5 K (e, ) (5) = fo(s)]ds| <

v
5(n+1)

Define

t
z(t) = K(t, to)yo + [, f(s)ds.
Consequently

ly(®) —z(®O)] < |y(te) — z(t )| + [y(©) =y (&) + |2(t) — z(ti) |

< v
5(n+1)

(m+D+i+<v,

i.e. |y(t) —z(t)| < vandhence y(-) is (¢ + v)-solution for which |y(t) — z(t)| < v. Taking v <
& we have that for any § and any v there exists (¢ + §)-solution z(-) with |y(t) — z(t)| < v.

Consider the so called relaxed system

{5/ €A(t)y+co F(ty()),

y(to) = Yo (2.10)

The &-solutions and limit solutions are defined analogously.

It follows from Proposition 2.11 that under A1, F1, F2 the set of limit solutions of (1.1) and
(2.10) coincide.

3 One Sided Perron Evolution Inclusion

11
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In this chapter we introduce OSP condition and prove a variant of the lemma of Filippov—
Pliss and a variant of the relaxation theorem.

Definition 3.1 A function w:I X R, = R, is said to be Perron function if it is
Caratheodory (measurable on t and continuous on the state variable), integrally bounded on the
bounded sets, w(t,0) = 0 and the unique solution of the problem 7(t) = w(t,r(t)), r(t,) =0
isr(t) =0.

The multifunction F: I X YZY is called one-sided Perron (with respect to Perron function
w) if for every y;,y, €Y, a.e.t € [ and every f € F(t,y,) there exist g € F(t,y,) such that

Vi—yauf—gls sw(@ Iy, —y2 1)

In this section we study the problem (1.1) when F(t,-) is one sided Perron (OSP). First we
prove variant the well known Lemma of Fillipov-Pliss. Afterward we prove the existence of
solutions for almost lower semicontinuous case and the relaxation theorem. Finally we prove the
existence of limit solutions in case of OSP multifunction F(t,-) when A(t) generates not
necessarily compact evolution operator. We assume further in this section that F(:,-) is almost
continuous.

Theorem 3.2 Let A1, A2, F1, F2 holds. If F(:,-) is almost LSC with nonempty closed
valued, then the set of (mild) solutions of (1.1) is nonempty and C(I,Y) precompact.

Proof. Consider the following evolution inclusion

{z’ € A(t)z+ N.B,

z(to) = Yo (3.1)

Using the same method as in the proof of Lemma 2.4 one can show that its solution set Sol(NB)
is C(I,Y) precompact. Denote C;, = co Sol(NB). Now we define the operator

12
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L) ={fC):f(y) €F(t,y(t)) is measuarable }.

Clearly £ maps Cj, into L,(I,Y). Since F(+,-) is almost USC, one has that L(-) is with nonempty
closed values. Then it is easy to show , using Theorem 4.1 of [13] that L(+) is LSC. Due to Bressan-
Colombo’s Theorem [3] there exists a selection P(z) € L(z), which is a continuous map from Cj,
into L;(1,Y). Denote P(w(+)) the solution of

{z’ = A()z + P(w)(D),

z(to) = Yo (3.2)

Clearly P(p(+)) is continuous map from Cj, into Cj.. Due to Schauder’s fixed point theorem there
exists a fixed point z(-), i.e;

2(t) = K(t, o)y, + f; K(t,s)P(2)(s)ds.

Since |l F(t,y) I< N, one hasthat P(z)(s) € F(s,z(s)) and hence z(+) is a mild solution of (1.1).

Definition 3.3 The continuous function y(-) is said to be outer e-solution if
y €Ay + F(t,y(1) + g:()B,
where g, (t) = 0 with [, g.(t)dt < .

Due to growth condition and Lemma 2.3 we can assume that |g.(t)| < N. Let F(:,-) be
almost continuous. The following result then holds.

Theorem 3.4 Under F1, F2 and A2, for every € > 0 there exist §(&) > 0 such that if y(-)
is a §-solution of (1.1) then it is an outer -solution of (1.1). Furthermore if 6(¢) - 0 = € = 0.

Proof. The solution set of

13
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{yEA(t)y+F(t,y+]B3)+]B3,

Y(to) = Yo (3:3)

is C(I,Y) precompact (cf. Remark 2.5). Thus the reachable set of (3.3) at the time t Reach(t) is

also precompact and hence Q = Ueft, 11 Reach(t) is compact. Since F(-,-) is almost continuous
= Vv > 0 there exist compact I, € I with meas(l,,) > (T — ty) — v suchthat F(-,-) is continuous
and hence uniformly continuous on I, X . Fix € > 0. Thus there exist § > 0 such that

Dy (F(6,2), F(¢, (x + 6B) N Q) <
Let z(-) be §-solution

2 € A(D)z + F(t,y(t) + 6B),

=2 =A)z+ £,(0), f,(t) € F(t, z(t) + 6B)

£
> fz(t) € F(t,Z(t)) +m

onl, XY and|l f,(t) I< uon I,. Further

J, dist(f,(£), F(t,y(®)dt < 2pv + m (T — to).

Hence y(-) is outer g-solution when

&
2w + 5= (T— ) < &

Lemma 3.5 Assume F1, F2, A2 holds. Moreover, suppose that F (t,-) is one-sided Perron

with respect to Perron function w(-,-). Let h: I = R, be a Lebesgue integrable function. If y(-) is
a solution of

14
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{5/ € A()y + F(t,y(t)) + h(t)B,

Y(to) = Yo (3.4)

then, for every § > 0 there exist a solution z(t) of (1.1) such that

1z(t) =y (O] <r(®),

where r(+) is the maximal solution of

{r‘ = w(t,r(t)) + h(t) + 5,

r(to) = |20 — Yol (3.5)

Proof. Clearly, y(-) is given by
y() = Kt to)yo + [, K(£:8)(fy(s) + gy(s))ds,

where f, (t) € F(t,y(t)) and g, (t) € h(t)B fora.a.t € [ty, T]. Fix § > 0 and define

Fs(tuw)={veF(tw; [y —uf®) vl <w(|y®) —ul)+ 8}

The multifunction Fs has nonempty values since F(t,-) is One-sided Perron. We shall prove that
Fs is almost lower semicontinuous. It is enough to show that

Fstw ={weF(tw; [y®—ufy®)—vls <wly®) —ul) + 6}

is almost lower semicontinuous. From the almost lower semicontinuity of F and Lusin’s property
of f,,(+), we have that for every £ > 0 there exist a compact set I, c I with meas(/\I;) < & such

that F(-,) is lower semicontinuous on I, XY, w(:,) is continuous on I, XY and f,(-) is
continuous on I,. Therefore it remains to show that Fs is lower semicontinuous on I, X Y. Let
(t,w) €I, XY, | € E5(t,u) and let the sequence (t,, U,), C I X Y. There exist n > 0 such that

y® -wfh®) -l =wit|y@® —u)) +6—n. (3.6)

Since F is lower semicontinuous at (t,u), one has that there exist a sequence (l,,), with [,, €
F(tyn, u,) such that I, — L. Since f, is continuous and [, ] is upper semicontinuous, then
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[Y(tn) - un'f - y(tn) - ln]+ < [y(t) - u'fy(t) - l]+ + 77/2 (3-7)

for n large enough. Furthermore, w(:,-) is continuous and hence

w(t, [y(t) —ul) = w(ty, [y(tn) — unl) +1/2 (3.8)

for n large enough. It follows from (3.6), (3.7) and (3.8) that l,, € F5(t,,, u,,) for n large enough.
Thus Fj is almost lower semicontinuous and hence Fs(,+) is also almost LSC. From Theorem 3.2
we know that the differential inclusion

y € A(t)y + Fs(t,y(1)),
{ y(to) = Yo, (3.9)
has a solution y(+) defined on [t,, T] and given by
y(©) = K(t,t)yo + [, K(t,9)f,(s)ds, (3.10)

where f, (t) € Fs(t,y(t)) fora.a. t € [to, T]. Using the properties of [-,-] it is easy to show that
[y(®) —z(O), f,(©) + gy () = O]+ = w(t, |y(®) — z(D)]) + h(t) + 6,

fora.a. t € [ty, T]. Since
ly(@) = z(O] < |yo — 20| + ftto [y(s) = 2(5), f,(8) + gy (s) — fz($)]+ds

for every t € [ty, T], one has that
Y(®) = 2(0)] < |y = 7] + [, (s, 1y(s) — z(s))ds + [ h(s)ds + B,

for every t € [ty, T]. Therefore we obtain that

ly(@®) —z(O] =)

forany t € [ty, T], where r(-) is the maximal solution of (3.5).

Theorem 3.6 Assume F1, F2 and A2. Moreover, suppose that F(t,") is one sided Perron
w.r.t the Perron function w(:,-). Then the solution set of (1.1) is dense in the limit solution set of
(2.10).
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Proof. Let y(-) be a limit solution of (2.10). Thus ¥§ > 0 there exist g-solution z5(+) such
that

S vtel
2

Ily(®) —zs(t) II<

Hence there exists §-solution z(+) of (1.1) such that
5
I 2(6) = 25(8) I< 3

and hence || y(t) — z(t) lI< 6. Let € > 0. Then one can prove that § = §(¢) is such that z(-) is
outer e-solution i.e. there exist h(+) with

T
fto h(t)dt < e.
Due to the Lemma of Fillipovo-Pliss there exists a solution y(-) of such that

Il z(t) — x(®) IS r(b),

where
{7" =w(t,r(t)) + h(t) + % (3.11)
r(to) = |y¥o — Xol-

Consequently

Iy(®) —x(@®) I< @) + ?

The proof is complete, because w(:,-) is a Perron function.
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